The distribution of molecular weight (MW) and composition of diblock copolymers is considered theoretically. Assuming that the chain end of each block is coupled randomly, the weight-average MW of the block copolymers is given by M w = w 1 (M w,1 + M n,2 ) + w 2 (M w,2 + M n,1 ), irrespective of the shape of the distribution of each block, where w i is the weight fraction, and M n,i and M w,i are the number-and weight-average MW of each block. In copolymer chains, the chemical compositions as well as the MWs cannot be identical for all polymers, and there exists a bivariate distribution of MW and composition. When the MW distribution (MWD) of both blocks follows the Schulz-Zimm distribution, the bivariate distribution can be obtained analytically. In addition to the bivariate distribution, the full MWD, the average composition as a function of MW, the composition distribution of copolymers having a specified MW, and the overall composition distribution are obtained. The composition distribution, as well as the average composition, becomes independent of MW under the condition σ 1 /M n,1 = σ 2 /M n,2 , where σ i is a parameter indicating the narrowness of the Schulz-Zimm distribution. The present theoretical analysis provides new insight into the design of diblock copolymers.
Introduction
Block copolymers offer the potential for obtaining products that incorporate various interesting properties of different homopolymers, including such applications as compatibilizers, dispersants and thermoplastic elastomers. Most methods of synthesis of block copolymers could be classified into two categories [1] . The first one is to introduce an active center at the chain end of the first block, and then the second type of monomer is polymerized. The sequential addition of monomers to a living ionic/radical polymerization is a representative technique of this method. The use of polymeric initiators could be also included in this category. The second one is to use the coupling reaction of chain ends of different polymer molecules. When both chain ends are reactive, multiblock copolymers are obtained. The mastication of a mixture of two polymers, resulting in bond rupture and coupling, could be considered a special case of the second method.
Monodisperse block copolymers could be considered most desirable, at least for a single property of the polymer. However, even when living polymerization techniques 1 are used and so-called 'well-defined' block copolymers are synthesized, usually they are not perfectly monodisperse. In addition, in commercial applications, various properties are required at the same time and polymers with a controlled distribution may result in higher-quality polymer products. One may need to consider the design and control of distributions of MW and composition of block copolymers.
In this article, the distributions of diblock copolymers are considered theoretically. To simplify the discussion, it is assumed that the chain ends of both blocks are coupled randomly, i.e., the reactivity of functional groups is independent of chain length. First, general expressions of the number-and weight-average MWs are derived. These expressions are valid irrespective of the distribution of each block. On the other hand, the full distributions of MW and composition depend on the molecular weight distribution (MWD) of each block. The main objective of this article is to clarify the general characteristics useful in designing block copolymers, such as the effects of block MWDs on the distributions of MW and composition of the formed diblock copolymers. As a representative polymer distribution, the Schulz-Zimm distribution (Γ distribution) is assumed for each block, and analytical solutions are obtained for the full weight fraction distribution, the average composition of the polymers as a function of MW, the composition distribution of copolymers having a specified MW, the overall composition distribution, and the bivariate distribution of MW and composition. Note that the Poisson distribution often formed in living polymerization can be approximated well by the Schulz-Zimm distribution if the distribution is narrow enough. The present equations could be applied for many living polymerization cases. Important characteristics of block copolymers are highlighted by using these equations.
Theoretical
Usually, homopolymers coexist in synthesized block copolymers. If the reactivity of functional groups is independent of chain length, the MWD of homopolymers left in the reaction mixture is the same as the corresponding block distribution. On the other hand, if the MWD of homopolymers is different from that of the corresponding blocks, some more information on the homopolymer distribution is required. In any case, the distribution of total polymers including homopolymers can be calculated simply by adding the distribution of homopolymers to that of true copolymers. To simplify the discussion, in the present theoretical analysis, only the distribution of true copolymers is considered. The equations derived in this article can be modified to include the homopolymer distribution in a straightforward manner. An example that includes homopolymer chains is shown in the Appendix.
The notation listed in Tab. 1 is used in this article. Note that the weight fractions w 1 and w 2 employed here are not the weight of monomer or polymer used to prepare the copolymers, but the weight fractions of blocks in the true block copolymers. 
Since only true diblock copolymers are considered, each polymer chain consists of one of each block 1 and 2. Therefore, the weight fraction and the number-average MW are not independent, and the following relationship holds:
or equivalently:
Average molecular weights
All polymers considered to derive fundamental equations in this article are true diblock copolymers, and all copolymers consist of one of each block. Therefore, the number-average MW is simply given by: Fig. 1 . Schematic drawing for derivation of the weight-average MW of block copolymers using the random sampling technique
The random sampling technique [2] is used to obtain the weight-average MW of copolymers. The weight-average MW is the expected MW of a copolymer chain when the chain is selected on a weight basis. Suppose one block is selected randomly on a weight basis, as shown in Fig. 1 . The probability that the selected block is block 1 is w 1 . Fig. 1 shows the case when the randomly selected block is block 1. Each block of type 1 must be connected to a block of type 2. Because only the chain end of block 2 can be connected to block 1, the connected block 2 is considered selected on the number basis. Note that the number-average MW of linear chains is the expected weight of a polymer chain when one chain end is selected randomly. Therefore, the expected MW of a copolymer chain when the randomly selected block is type 1 is M w,1 + M n,2 , and the probability of making such selection is w 1 . Similarly, the expected MW of a copolymer chain when the randomly selected block is type 2 is given by M w,2 + M n,1 , and the probability of making such selection is w 2 . Therefore, the weightaverage molecular weight of the block copolymers is represented by:
Eqs. (3) and (4) When the block copolymers are prepared by the sequential addition of monomers to a living polymerization, the MWD of the second block is unknown, while the weight
where ( ) 
Molecular weight distribution
A general methodology proposed for star-, comb-, and random-branched polymers [3] could be used to obtain the MWD. However, for diblock copolymers, a simpler method shown below can be applied.
Because all diblock copolymers consist of one of each block, the number fraction distribution is simply represented by the following equation:
To investigate general characteristics of block copolymers, let us use the SchulzZimm distribution in which both the average and breadth of the distribution can be controlled independently. The number and weight fraction distribution of each block are assumed to be given by:
where u i is the number-average MW of each block, namely, u 1 = M n,1 and u 2 = M n,2 . In order to clarify that the results are limited to the cases where both blocks obey the Schulz-Zimm distribution, u 1 and u 2 are used instead of M n,1 and M n,2 . Parameters σ 1 and σ 2 show the narrowness of the distribution, defined by: The PDI of each block is represented by using the parameter σ as follows: 
shows the Kummer confluent hypergeometric function, i.e.:
The weight-based MWD, W(M), is therefore given by:
Note that, when
, the hypergeometric function term is unity. Under the special condition u 1 = u 2 and σ 1 = σ 2 = 1, Eq. (17) reduces to:
This is the case where two chains, both following the same most probable distribution, also known as the Flory distribution, are coupled. Eq. (18) agrees with the MWD developed for multichain polymers when the number of arms equals two [4] . This distribution is equal to the instantaneous MWD formed by combination termination in free-radical polymerization [2] .
It would be interesting to compare the MWD of diblock copolymers with those for star-, comb-, and random-branched polymers proposed in ref. [3] .
When the block copolymers are prepared by sequential addition of monomers to a living polymerization, one might want to determine the MWD of the second block based on the information on MWDs of the first block and copolymers. If both blocks are assumed to follow the Schulz-Zimm distribution, σ 2 can be determined from the following relationship:
Or by using M n instead of w 1 :
Obviously, u 2 can be determined from Eq. (5) or (6).
Bivariate distribution of molecular weight and composition
In copolymer chains, the chemical compositions as well as the MWs cannot be identical for all polymers, and there exists a bivariate distribution of MW and composition. and the conditional probability whose composition is φ 1 , given the MW is M, 
Note that the MW of all copolymer chains considered in the conditional probability 
is given by:
, the composition distribution is independent of MW. Often, the polydispersity indices of both blocks do not differ significantly if both blocks are formed by the same type of polymerization mechanism, i.e., 
The average composition of copolymer chains having MW M is given by:
For the Schulz-Zimm distribution, Eq. (28) is calculated to be: , the average composition is independent of MW, and
Further, the composition distribution of all chains, i.e., the overall weight fraction of copolymers having the composition φ 1 , is given by:
For the Schulz-Zimm distribution, the overall composition distribution is calculated to be: 
Results and discussion
Illustrative calculations are conducted mainly for PDI 1 = PDI 2 that is represented by PDI b (= PDI 1 = PDI 2 ) and u 1 = 1000 assuming the Schulz-Zimm distibution for each block. The condition PDI 1 = PDI 2 tacitly assumes that both blocks are formed by the same type of polymerization reaction. Although Schulz-Zimm distribution is used, general characteristics of block copolymers, especially when changing the breadth of MWDs of the blocks, could be investigated. The block copolymers may be synthesized by the coupling reaction of chain ends of different polymer chains. In such a case, the MWD before the coupling reaction is simply a polymer blend of two different polymer chains. Fig. 4 is drawn bearing such a case in mind. The black curve shows the initial polymer blend and the red curve shows the MWD of resulting block copolymers. Here, a 100% conversion of the end groups is assumed, however, the coupling reaction can never reach 100% conversion and some amount of homopolymer is expected to remain in the reaction mixture. In such a case, the MWD of the mixture comes out somewhere between these two curves. When u 2 is much larger than u 1 , the MWDs of the original polymer blend and the formed block copolymers could be difficult to be distinguished experimentally. Figs. 5 and 6 show the cases for PDI b = 2. When the MWDs of the blocks become broader, the differences of the original polymer blend and the formed copolymers tend to become smaller. Fig. 7 shows the MWD and the average composition of block copolymers formed from PDI b = 1.2 and u 1 = u 2 . A notable feature is that the average composition, ) ( 1 M φ is independent of M. From Eq. (29), one can predict such behavior when σ 1 /u 1 = σ 2 /u 2 . When PDI 1 = PDI 2 , the condition u 1 = u 2 satisfies such a criterion. Fig. 8 shows the composition distribution. This distribution is the same for copolymers of any MW, and is equal to the overall copolymer composition distribution in the present case. The composition distribution is symmetric as can be predicted from Eq. (24). Fig. 9 shows the bivariate distribution of MW and composition, in a three-dimensional and a contour plot form. The upper panel of Fig. 10 shows the MWD and the average composition of block copolymers formed from PDI b = 1.2 and u 2 /u 1 = 5. In this case, the average composition, ) ( 1 M φ , decreases with MW. Because the chains of the second block are longer, the larger block copolymers tend to possess longer second block chains, resulting in a smaller fraction of the first block. The lower panel of Fig. 10 shows the composition distribution for a given MW. In this case, the composition distribution is dependent on MW. The statistical variation of the composition distribution is broader for smaller copolymers. Fig. 11 shows the bivariate distribution of MW and composition. 10 . A notable feature for the present case is that the composition distribution is uniform for the whole range of composition, as can be predicted from Eq.
(24) when σ 1 = σ 2 = 1. , preserving other conditions the same as in Fig.  15 . In this case, however, the composition distribution is rather broad. Note that, under the condition
, the composition distribution is the same for polymers of any MW and is equal to the overall composition distribution.
The composition distribution is dependent on M for the cases with . Fig.  17 shows the overall composition distribution for block copolymers formed from PDI b = 1.2 and u 2 /u 1 = 5, calculated from Eq. (31). Considering the application of the formed block copolymers, there may exist a minimum weight fraction of M 1 (and/or M 2 ) block in order to show a desirable physical property. Under the present condition, the weight of block copolymers with φ 1 < 0.05 is 3.35%, and most block copolymers could be considered effective, for example as a compatibilizer. Fig. 18 shows the overall composition distribution for block copolymers formed from PDI b = 2 and u 2 /u 1 = 5. For broader MWDs of blocks, the composition distribution is broader. In the present case, the weight fraction of block copolymers with φ 1 < 0.05 is as large as 31.8%. Broader MWDs of blocks may lead to a larger amount of ineffective block copolymers. 18. Overall copolymer composition for block copolymers formed from PDI b = 2, u 1 = 1000 and u 2 = 5000
Conclusions
The distributions of MW and composition for the diblock copolymers were considered theoretically. The equation derived for the weight-average MW is valid, irrespective of the shape of distribution of each block, as long as both blocks are considered to be coupled randomly. Assuming the same type of polymerization mechanism for both blocks, the polydispersity indices of both blocks could be approximately equal. For such cases, the condition M n,1 = M n,2 leads to the narrowest copolymer distribution.
The fundamental equations to obtain the full MWD and the bivariate distribution of MW and composition are developed. The latter expression leads to obtain the average composition as a function of MW, the composition distribution of copolymers having a specified MW, and the overall composition distribution. The explicit functional forms are shown for blocks obeying the Schulz-Zimm distribution. The average composition is independent of MW under the condition . If the polydispersity indices of both blocks are equal, this will be true for M n,1 = M n,2 . In this case, the composition distribution is independent of MW, and is equal to the overall composition distribution. The overall composition distribution tends to be broader for broader MWDs of both blocks, which could result in the formation of a large amount of physically ineffective block copolymers.
